
. 
. 

c 

ADVANCED STUDY OF VIDEO SIGNAL PROCESSING 

IN LOW SIGNAL TO NOISE ENVIRONMENTS 

1967 - 1968 

BY 

Frank Carden 
William Osborne 
George Davis 

A Semi-annual progress report 

Submitted to 

NATIONAL AERONAUTICAL SPACE ADMINISTRATION 
WASHINGTON D. C. 

NASA RESEARCH GRANT NGR-32-003-037 

Communication Research Group 

Engineering Experiment Station 
New Mexico State University 

Las Cruces, New Mexico 

December 1967 



ABSTRACT 

Part I 

A mathematical model for the composite video signal is developed and 

the results are used to analyze the Apollo TV spectrum. 

developed to generate the spectral components. 

brightness function B(xy) must be specified by a 300 by 300 matrix. 

computer program converts the spatial brightness function B(xy) into a composite 

1 1 temporal function V (t) and gives the spectral components of V (t). The 

spectral analysis showed the computed spectrum in close agreement with the 

measured spectrum. Further, for the TV pattern investigated the significant 

spectral components were well below 500 KC; in fact, the components were below 

the 409 KC sync burst. 

A computer model is 

To use the digital program the 

The 

Part I1 

Rice's noise model for Gaussian modulation is modified to represent one 

mode of operation in the Apollo FM television system and the resulting integrals 

are solved digitally. 

bandwidth the running parameter. 

A family of threshold curves are plotted with the IF 

ii 
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INTRODUCTION 

A fundamental problem i n  t h e  design of any communications 

system i s  spec i fy ing  t h e  bandwidth necessary  f o r  t ransmiss ion  

of t h e  r equ i r ed  information. A t e l e v i s i o n  system i s  no d i fSer -  

e n t  i n  t h i s  r e s p e c t  than  any o the r  communications system. 

However, e s t ima t ing  t h e  bandwidth of a t e l e v i s i o n  system i s  a 

more complicated problem than i t s  coun te rpa r t  i n  most o the r  

communications problems. The basic  reason  f o r  t h e  added com- 

p l i c a t i o n  i s  t h a t  a t e l e v i s i o n  system must transmit a two dimen- 

s i o n a l  p i c t u r e  over a one dimensional channel. 

which a two dimensional s p a c i a l  p i c t u r e  i s  t ransformed i n t o  a 

one dimensional  t i m e  series i s  known as s c a m t n g  and w i l l  be 

examined i n  some d e t a i l  later. 

The process  by 

I n  most communications problems not only i s  t h e  bandwidth 

impor tan t  b u t  t h e  a c t u a l  spectrum is necessary  i n  o rde r  t o  

examine t h e  e f f e c t  of narrowing this bandwidth. One example 

of such a problem i s  t ransmiss ion  of speech over  a telephone. 

The average human has spectrum components i n  h i s  vo ice  much 

above 3000 cycles, but  by examining t h e s e  components as com- 

pared t o  those  below 3000 cyc le s ,  te lephone companies have 

d iscovered  s a t i s f a c t o r y  reproduct ion of a normal conversa t ion  

is  p o s s i b l e  us ing  a 3OCO cycle  bandwidth. 

the a c t u a l  spectrum of human speech, t h i s  i n d u s t r y  has conserved 

v a l u a b l e  bandwidth. 

Thus by examining 
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The pknl-pose of this work is  ts s tudy  video spectrums and 

a t t e m p t  t o  answer the gZPestio3 of what i s  the necessary v ideo  

bandwidth f o r  s a t i s f a c t s r y  reproduction and t o  examine t h e  

composite video spectrum. The system of i n t e r e s t  throughout 

t h i s  work will be t h e  Apollo downlink t e i e v i s i o n  system which 

w i l l  tracsmit p i c t u r e s  back from the moon dur ing  t h e  t i m e  t h a t  

t h e  Apollo a s t so2au t s  are on t h e  moono Therefore, all of t h e  

numerical  r e s u l t s  and c a l c u l a t i o n s  will be based on t h i s  sys- 

t e m  whereas a l l  mathematical  developments w i l l  be f o r  a gen- 

eral t e l e v i s i m  system wi th  t h e  only requiremenzs being t h a t  

i t  be  moilochrome and use  l i w a r  scanning as ehe method of 

t ransformat ion  i n t o  t h e  time domain. 



CWPTER I 

TELEVISION SYSTEMS 

General Desc r ip t ion  

The fundamental purpose of any t e l e v i s i s n  system i s  t o  

t r ansmi t  an  o p t i c a l  image from one p l ace  t o  ano the r  by con- 

v e r t i n g  it  i n t o  a n  e l e c t r i c a l  signal.  The process  by which 

t h e  e l e c t r i c a l  s i g n a l  i s  produced from a n  o p t i c a l  image is 

known as scanning. This process  forms t h e  b a s i s  oE modern 

t e l e v i s i o n  systems. There are many methods of scanning a n  

image, b u t  t h e  method mast oEten used i s  known 8 s  s t r a i g h t  

l i n e  o r  l i n e a r  scarrning. I n  l i n e a r  scanning, t h e  o p t i c a l  

image i s  r epea ted ly  swept by an e l e c t r o - o p t i c a l  t ransducer  

whose ou tpu t  as a f u n c t i o n  of time i s  proporticma1 t o  t h e  

i l l u m i n a t i o n  on t h e  image. 

A g r a p h i c a l  i l l u s t r a t i o n  of t h i s  process  i s  shown i n  

F igure  1. The image i s  a b lack  and whi te  checkerboard p a t t e r n  

and t h e  e n t i r e  image i s  s s a m e d  with only  four lirzes. Observe 

t h a t  dur ing  r e t r a c e  t h e  output  of t h e  t ransducer ,  o r  video,  

i s  h e l d  a t  t h e  b l ack  level .  This i s  done t o  prevent  t h e  re- 

trace from appearing i n  the  reproduct ion of t h e  image a t  t h e  

receiver. 

Four b a s i c  parameters are involved i n  l i n e  scanning--the 

retrace t i m e ,  t h e  l i n e  scanning t i m e ,  t h e  frame t i m e ,  and t h e  

number of lirres i n  t h e  scanning pa t te rn .  The l i n e  scanning 

t i m e ,  tj., i s  u s u a l l y  not  expressed as a t i m e  bu t  i n s t ead  as a 

3 
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WHITE 

B L A C K  

Z E R O  

OUTPUT O F  THE SCANNING 
TRANSDUCER FOR THE IMAGE 

S H O W N  ABOVE 

t,= RETRACE' OR HORIZONTAL BLANKING TIME 

t,= TIME F O R  TRANSDUCER TO SWEEP ONE LINE 

t f =  TIME FOR TRANSDUCER TO SWEEP ONE IMAGE OR FRAME 

f = l / t ,=  THE LINE SCANNING FREQUENCY 

N =  NUMBER OF LINES IN T H E  SCANNING PATTERN 
f f =  l / f f =  THE FRAME FREQUENCY 

- - -  
C H E C K E R B O A R D  I M A G E  SHOWING A 
S I M P L E  4 L I N E  SCANNING P A T T E R N  

TIME 

1 L LUSTRATION OF THE SCANNING PROCESS 

Figure 1 
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known as t h e  l i n e  scanning frequency o r  simply 

Likewise t h e  frame t i m e ,  t f ,  is u s u a l l y  ex- 

A po in t  

f $ 9  
frequency,  

l i n e  frequency. 

pressed  as ff, t h e  framing frequency o r  frame rate, 

of i n t e r e s t  is t h a t  t h e  l i n e  frequency is always a harmonic 

of the frame frequency. The t i m e  to  sweep o u t  one frame is t h e  

product  of t h e  number of l i n e s  and the  t i m e  f o r  one l i n e ,  o r  

N t Q .  s imply tf = 

g e r  , 

Therefore  fX = Nf where N is always an  i n t e -  f 

A t  t h e  r ece iv ing  end of t h e  system, t h e  reverse of t h i s  

process  must be t r a n s p i r i n g ;  Le., another  e l e c t r o - o p t i c a l  

t r ansduce r  is conver t ing  t h i s  scanned informat ion  i n t o  a pic- 

t u r e  by sweeping a c r o s s  a reproduct ion device  and by vary ing  

t h e  i n t e n s i t y  o r  luminat ion of t h i s  device  i n  accordance w i t h  

t h e  scanned v ideo  informat ion  being received.  However, i n  o rde r  

f o r  t h e  p i c t u r e  t o  appear und i s to r t ed ,  p o s i t i o n  informat ion  must 

be p r e s e n t  i n  t h e  v ideo  signal. This p o s i t i o n  informat ion  is 

r e q u i r e d  t o  lock t h e  scanning spo t  i n  t h e  t r a n s m i t t e r  and t h e  

scanning s p o t  i n  t h e  receiver i n  p e r f e c t  synchronizakion; o ther -  

wise,':the p i c t u r e  would appear scrambled a t  t h e  receiver, because 

t h e  v ideo  informat ion  would be randomly placed i n  t h e  reproduced 

image. 

v i d e o  a synchroniza t ion  signal, which is t i m e  mul t ip lexed  i n t o  

t h e  b lanking  o r  retrace i n t e r v a l s  of t h e  o r i g i n a l  v ideo  s i g n a l ,  

This new s i g n a l  w i th  synchronizat ion added is kwwn as t h e  com- 

p o s i t e  v ideo  s igna l .  

w i l l  be d iscussed  later i n  conjunct ion w i t h  the  Apollo t e l e v i s i o n  

This synchroniza t ion  is accomplished by adding t o  t h e  

An example of a composite v ideo  s i g n a l  
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system. 

The r e l a t i o n s h i p  between t h e  scanning parameters mentioned 

p rev ious ly  and t h e  q u a l i t y  of t h e ~ r e c e i v e d  p i c t u r e  i s  a p e r t i n e n t  

problem of t e l e v i s i o n  system design. It is a l s o  a ve ry  d i f f i c u l t  

r e l a t i o n s h i p  t o  e s t a b l i s h ,  because the  q u a l i t y  of a p i c t u r e  is 

t o  some e x t e n t  a s u b j e c t i v e  t e r m  which depends on t h e  human viewer 

of t h e  p i c tu re .  

may be eva lua ted  q u a n t i t a t i v e l y .  One of t hese  i s  d e t a i l  i n  t h e  

vertical d i r e c t i o n  which is d i r e c t l y  p r o p o r t i o n a l  t o  t h e  number 

of l i n e s  i n  t h e  scanning pa t te rn .  However, t h e  exacc number of 

lines r e q u i r e d  f o r  s g t i s f a c t o r y  reproduct ion is dependent upon 

t h e  a p p l i c a t i o n .  

1200 l i n e s  p e r  frame have been used. 

The . f r ame . ra t e  has a duel  e f f e c t  On p i c t u r e  q u a l i t y .  

t h e  fsame rate is too low, flicker, t h e  pe rcep t ion  of d i s t i n g t  

p i c t u r e s  be ing  t r ansmi t t ed ,  w i l l  be apparent  t o  t h e  viewer of 

the . reproduct ion .  

i n g  motion, as w i l l  be seen  i n  Chapter IV. However, because t h e  

human eye  is very  p e r c e p t i v e , o f  d i s c o n t i n u i t i e s  i n  a n  image, t h e  

f r a m e . r a t e  needed to l avo id  f l i c k e r  is u s u a l l y  b ighe r  t han  that 

needed t o  produce cont inuous motim. 

However, c e r t a i n  aspec ts  of p i c t u r e  q u a l i t y  

- 

Values f rom about 200 l i n e s  p e r  f r a m e . t o  above 

Xf 

A low frame.rate w i l l  a l s o  produce a b l u r r -  

Once a number of l i n e s  and t h e . f r a m e . r a t e  have been chosen, 

t h e  l i n e  frequency i s  speczf ied ,  and t h e  blanking time f o r  re- 

trace, t=, is then  a functZon of  the speed of t h e  pick-up device  

and t h e  synchroniza t ion  system.u$ed. 

t hesg  parameters and bgndwidth w i l l  be  d iscussed  i n  d e t a i l  later. 

The r e l a t i o n s h i p s  between 
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A p ~ l 1 0  Uni f i e r  S-Band Televishon System 

The t e l e v i s i o n  system wi th  which t h i s  work is concerned is t h e  

Apollo t e l e v i s i o n  system f o r  t r ansmi t t i ng  p i c t u r e s  from t h e  moon. 

A b lock  diagram of t h i s  system is shown in Figure  2. The system 

c o n s i s t s  of a t e l e v i s i o n  camera which d r ives  an F.M. modulator 

t o  produce a baseband t e l e v i s i o n  s i g n a l  on a n  S-Band carrier. 

This F.M. s i g n a l  i s  then  ampl i f ied  and t r ansmi t t ed  v i a  an  e l even  

f o o t  S-Band d i s h  antenna. 

A t  t h e  r ece iv ing  s t a t f o n ,  s tandard superheterodyne rece iv-  

ing techniques are used to  produce a 50MHz frequency modulated 

in t e rmed ia t e  frequency s i g n a l ,  A phased Locked loop i s  then  

used t o  d e t e c t  t h e  s i g n a l  and feed the  de tec ted .composi te  v ideo  

s i g n a l  t o  the  synchroniza t ion  sepa ra to r  c i r c u i t s .  The v ideo  

and synchroniza t ion  s i g n a l s  are separa ted  a l d  a p p l i e d  t o  t h e  

picture tube through t h e i r  r e spec t ive  a m p l i f i e r  and sweeping 

c i r c u i t s .  

The f o c a l  p o i n t  of t h i s  d i scuss ion  on t h e  Apollo t e l e v i s i o n  

system is t h e  format of t h e  composite video s i g n a l  produced by 

t h e  camera. This format is shown g raph ica l ly  i n  F igure  :2. One 

of t h e  unique f e a t u r e s  of t h i s  camera is i ts  a b i l i t y  to  o p e r a t e  

i n  two modes. Mode one is a fas t - scan  low r e s o l u t i o n  mode t o  

be  used f o r  t r a n s m i t t i n g  images of o b j e c t s  i n  motion. Mode two 

is a slow-scan h igh  r e s o l u t i o n  mode t o  be used f o r  t r a n s m i t t i n g  

d e t a i l e d  p i c t u r e s  t h a t  w i l l  comprise a p o r t i o n  of t h e  s c i e n t i f i c  

d a t a  t o  be gathered on t h e  Aps l lo  mission. 
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Parameter 

Peak-to-Peak Video Siggaal 
Peak- to-Peak Sync Sigrral 
Hor i zon ta  1 Line Pe r iod  
Hor izonta l  Line Frequency 
Vertical Framing Per iod  
Vertical Framing Freqaency 
Hor izonta l  Sync Burs t  Pe r iod  
S e r r a t e d  V e r t i c a l  Sync Period 
Width of S e r r a t i o n s  
Burst  Frequency 
Burst  Waveform 
Number of L i m s  P e r  Frame 
Hor izonta l  Reso lu t ioz  

9 

The sy3chr sn iza t ion  sigEal c o n s i s t s  of h o r i z o n t a l  synchroniza t ion  

b u r s t s  a t  a frequency 409.5 KHz and a s e r r a t e d  v e r t i c a l  synchron- 

i z a t i o n  b u r s t  (See F igure  2 )  also a t  409.5 KHz. The h o r i z o n t a l  

synchroniza t ion  occurs  dur ing  r e t r a c e  t i m e  between l i n e s  and t h e  

v e r t i c a l  synchroniza t ion  occurs  during v e r t i c a l  r e t r a c e  between 

frames. The s e r r a t i o n s  i n  t h e  v e r t i c a l  synchroniza t ion  b u r s t  

are f o r  the  purpose of holding ho r i zon ta l  synchroniza t ion  dur ing  

ver t ical  r e t r a c e .  If these  s e r r a t i o n s  were omit ted,  t h e  f i r s t ,  

few l i ies  of each reproduced image would become d i s t o r t e d  due t o  

t r a n c i e z t s  i n  t h e  h o r i z o n t a l  sweep c i r c u i t  of t h e  r ece ive r .  The 

o t h e r  parameters of the  Apollo composite video s i g n a l  are g iven  

i n  t h e  t a b l e  below. (1) 

TABLE I 
Basic Scannicg Parameters of Apollo Te lev i s ion  System 

Mode 1 

2.4 V 
2.4 V 

312.5 usec 
3.2 khz 

100 msec 
10 hz 
30 usec 

2.5 msec 
45 ilsec 

409.5 kbz 
Keyed S inewave 
320 
250 Lines 

Mode 2 

2.4 V 
2.4 V 

1250 usec 
800 hz 

1.6 sec  
.625 hz 

120 usec  
10 msec 

180 usec 
409.5 khz 
Keyed Sinewave 

500 Lines 

- 

1280 



CHAPTER I1 

STAXDARD METHODS FOR ESTIMATING VIDEO BANDWIDTH 

General Discussion 

The v e r t i c a l  r e s o l u t i o n  o f  a t e l e v i s i o n  system i s  d i r e c t l y  

p ropor t iona l  t o  t h e  number of l i n e s  i n  t h e  scanning p a t t e r n .  The 

h o r i z o n t a l  r e s o l u t i o n  i s  a func t ion  only of v ideo  bandwidth: i . e . ,  

t h e  maximum number of v e r t i c a l  l i n e s  which may be reproduced i s  

a func t ion  of t h e  bandwidth of t h e  system. 

t h a t  the  bandwidth necessary t o  achieve maximum h o r i z o n t a l  reso-  

l u t i o n  i s  no t  n e c e s s a r i l y  t h e  'bandwidth needed t o  transmit a 

g iven  image. 

It should be observed 

There have been numerous methods devised f o r  e s t ima t ing  t h e  

r equ i r ed  v ideo  bandwidth of a t e l e v i s i o n  system. However, for 

t h e  purpose of t h i s  wgrk, t h e  autkor has  s e l e c t e d  t h r e e  repre-  

s e n t a t i v e  methods which appea r  most o f t e n .  A l l  of t he  methods 

have two thiyrgs i n  comman--speciSyiz!-g a worst-case bandwidth 

which i s  t5en  used as a design guide- l ine ,  and d i s r ega rd ing  t h e  

a c t u a l  program m a t e r i a l  t o  b s  t ransmi t ted  through t h e  system. 

Method of ?!Iaxim.m Ixiformaticx 

One rne tbd  o f  determizicg the bandwidth of a scanned v ideo  

s i g n a l  i s  t o  assume t h a t  each i n t z r s e c t i o n  of a v e r t i c a l  l ine  

w i t h  a h o r i z o n t a l  scan l i n e  (using tbe rnaxirnum number of ver t ica l  

l i n e s )  i s  a sample p o i n t .  Ttnis means t h a t  t h e  number of sample 

p o i n t s  w i l l  be t he  product of t h e  cumber of ho r i zona l  scan l i n e s ,  

N, and t h e  maximum p o s s i b l e  number of v e r t i c a l  l i n e s ,  . Then Nh 

10 



each of these sample points may be considered quantized into 

eight levels. It has been shown that eight quantitizing levels 

will represent an actual analogue television signal with reason- 

able accuracy. (2) 

'Illhe channel capacity necessary to transmit any signal is 

equal to the makimum rate of transmission of information. If 

n symbols are assumed t o  occur with equal probability and each 

to transmit, then it has been shown tt9 takes an identical time, 

(3 )  that the necessary channel capacity, C is / 

/ log 
bits/sec. @ =  2 

For a television system, the n symbols become the eight words 

necessary t o  represent the amplitude of a sample, and if the 

eight words  are assuned to occur with equal probability, then 

Equation 1 is applica'ble t o  such a system and the channel capa- 

city of such a televfsfm system is given by Equation 2. 

c/ 3 + hjtslsec. (2) 
-t 

Now the tirne required to transmit each sample is the number of 

samples divided i n t o  the vertical framing period of 

Thus the charinel capacity required t o  transmit the assumed signal is 

C' = 3ffNNh bits/sec. ( 4 )  



'The appropr i a t e  s e f & t i o x h b p  betxeezl bandwidth and channel  

capac i ty  i n  a noisy chamel  has been shown t o  be (4) 

(5) 
S C' = BW10g2 (1 + m  ) bi:s/sec. 

The s i g n a l  t o  noise  r a t i o  for  high q u a l i t y  image reproduct ion  

has  been shown to  be approximately t h i r t y .  ( 5 )  Using t h i s  

va lue  and Equation 4 i n  Equation 5 and rear ranging ,  t he  system 

bandwidth becomes 

BW = .SffNNh hz, (6  1 

Usiag t h e  paramekra  from Table 1 i n  Equation 6 ,  a n  approx- 

imatior, t o  necessary bandwidkh for t he  A p ~ l l o  system i s  obta ined  

as 

BW (mode 1) = (.6) (10) (312) (250) = 468 khz. 

BW (mode 2) = (,6) (,625) (500) (1248) = 247 khz. 

Method of V e r t i c a l  Bars 

I n  us ing  t h i s  me:?md f o r  determining the  requi red  system 

bandvidth,  an  image c o r s i s t i n g  of nothing b u t  v e r t i c a l  ba r s  of 

a l t e r n a t i n g  b lack  and white  i l lumina t ion  i s  assumed. It i s  

f u r t h e r  assumed t h a t  these  bars a re  of width h/N where h is  

t h e  h o r i z o n t a l  width of t he  picture .  

r e q u i r e d  t o  ope ra t e  a t  i t s  maximum hor i zon ta l  r e s o l u t i o n ,  

h 

Thus the  system i s  being 

When t h i s  t y p e  of image is  scanned, t he  i d e a l  video output  



i s  a square wave wi th  a per iod of 2 t  /N 

duty cyc le .  The assumption i s  then made t h a t  f o r  t h e  purposes 

of reproduct ion ,  a sinewave of t h i s  per iod  i s  s u f f i c i e n t .  (6) 

and a f i f t y  percent  
a h  

Thus, t h e  r equ i r ed  ban&Midth based on t h i s  type of a n a l y s i s  

i s  given by 

N 
BW = h - 

tQ. 
The necessary 

c u l a t e d  u s i i g  

BW (Mode 

BW (Mode 

hz . (7) 

bandwidth f o r  t h e  Apollo t e l e v i s i o n  may be cal- 

Equation 7 and parameters from Table l, 

2 10 

2i282.5) .1h6 = 380 khz. 1) = 

Method of Maxbum Rise T i m e  

The output of t h e  scanning t ransducer  when i t  c rosses  a 

v e r t i c a l  black t o  white  boundary is i n  t h e  i d e a l  ca se  a s t e p  

f u n c t i o a ,  However, i n  a real system wi th  f i n i t e  bandwidth, 

t h i s  s t e p  has a rise t i m e  which is a f u n c t i o n  of system bandwidth. 

I f  w e  assume such a boundary e x i s t s ,  then  i t  fol lows t h a t  

t h e  rise t i m e  must be less than  half  t h e  width of one of t h e  

minimum width v e r t i c a l  l i n e s  used to s p e c i f y  h o r i z o n t a l  reso- 

l u t i o n .  The maximum rise time, t based on t h e  above d i s c u s s i o n  

becomes 
P’ 

t 
t = (%I - e secs. (8) 

P Nh 



The upper 3db,frequency,  f2, of a system which w i l l  pass  a 

pu l se  w i t h  such a r ise  time i s  given by t h e  approximet ionklow 

which may be found i n  most t e x t s  QR v ideo  ampl i f i e r s .  (7) 
- 35 

f *  = t hz . 
P (9) 

Since  t h e  upper 3db frequency i s  a c l o s e  approximation t o  the  

r equ i r ed  system bandwidth, Equations 8 and 9 may be combined 

t o  y e i l d  a n  express ion  f o r  t he - r equ i r ed  system bandwidth. 

. 7Nh 

;e 
hz . t BW = 

By making use  of Equation 10 and the parameters i n  Table 1, the  

bandwidth requirements f o r  the  Apollo system may be c a l c u l a t e d  

under these  assumptions.  

(.7) (210) 
- - 

282.5 BW (mode 1) = 

- BW (mode 2) = ( . 7 )  (500) - 
1250 10 -6 

521 khz. 

280 khz . 

Another method o f t e n  d iscussed  i n  t e l e v i s i o n  engineer ing  books i s  

t h e  "Width of  Confusion" method. This method was developed by 

Wheeler and Loughren (8) and ye i ld s  numerical r e s u l t s  very s i m i l -  

ar to  t h e  above t h r e e  methods. However, i t  makes t h e  assumption 

t h a t  ver t ica l  and h o r i z o n t a l  r e so lu t ions  are equal  and t h i s  i s  not  

i n  gene ra l  t r u e  and i s  c e r t a i n l y  not  t h e  case  i n  t h e  Apollo system. 

Thus i t  w i l l  no t  be considered i n  t h i s  work. 



CHAPTER 111 

THE: COMPOSITE VIDEO SPECTRUM 

General Discussion 

The video s i g n a l  produced a t  the  output  of a camera, us ing  

l i n e a r  scanning, may be expressed as the  sum of two s igna l s - -  

t h e  t o t a l  video s i g n a l ,  v /  ( t ) ,  and the  syncbroniza t ion  s i g n a l ,  

s ( t>  0 

Eo ( t )  = v /  ( t )  + s ( t )  (11) 

/ The t o t a l  video s i g n a l ,  v (t),  may be expressed as the  product 

of  t h r e e  o t h e r  func t ions .  One of these  i s  a video s i g n a l ,  v ( t ) ,  

which r e s u l t s  from a l lowing  the  output of the camera t o  e x i s t  a t  

a l l  times inc luding  retrace, o r  equiva len t ly  scanning N p i c t u r e s  

placed s i d e  by 

involved. The 

i s  ze ro  during 

s i d e  wi th  no synchronizat ion o r  retrace i n t e r v a l  

second s i g n a l  is a blanking s i g n a l ,  B1 (t) ,  which 

h o r i z o n t a l  retrace and one a t  a l l  o t h e r  t i m e s .  The 

t . t i r d  i s  another  blanking s i g n a l ,  B 

v e r t i c a l  retrace and one a t  a l l  o ther  times. Thus, Equation 11 

becomes 

( t )  , which i s  ze ro  dur ing  v 

' 
This argument i s  i l l u s t r a t e d  graphica l ly  i n  Figure 3.  

Equation 12 has appeared i n  an a r t ic le  by L. E. Franks on 

a random video  process ,  bu t  apparent ly  has not  been app l i ed  to .  a 

d e t e r m i n i s t i c  video s i g n a l  before .  (9) 
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Development of t he  Composite Video Spectrum Based on a T i m e  Series 

Mode 1 

Using Equation 12  as a s t a r t i n g  po in t ,  the  composite video 

spectrum may now be developed. 

s e n t s  a square wave wi th  a very high duty cyc le  and narrow spec- 

The b lanking  func t ion ,  BV, repre- 

trum and, f o r  t ,hat  reason,  neglecti .ng t h i s  func t ion  has  no sign- 

i f i c a n t  e f f e c t  on the  spectrum o f  E ( t ) .  (10) Making u s e  of 

t h i s  approximation, Equation 1 2  becomes 

0 

I Eo (t> = v ( t)  Ba (t) + s(t). (13) 

E ( t )  i s  the  t i m e  r ep resen ta t ion  of  the  composite v i d e a  
0 

s i g n a l  as i t  occurs  a t  the  output  of t h e  camera, and, t he re fo re ,  

i t s  spectrum i s  the spectrum t o  which t h e  remainder of  t h e  tele- 

v i s i o n  system must respond. The spectrum of E (t)  is given by 

t h e  two-sided Four ie r  t ransform of E ( t) .  

0 

0 

00 00 

v ( t >  B2 (t.1 e - j w t  d t  + Eo(w) = r s ( t )e - jwtd t  (14) r 
-40 0 - 00 

The second i n t e g r a l  i s  the  Four i e r  t ransform of the  synchroniza t ion  

s i g n a l  o r  simply S(w). Equation 14 then  becomes 

00 - j w t  
Eo (w) =I v ( t >  BQ( t ) e  d t  + S(w'). 

- 00 

Since  

I Eo( t )  = V ( t )  + S ( t )  

17 

Then V I (w) i s  given by 



O? - jwt I 
V' (w) = v ( t )  Ba  ( t ) e  d t .  - 00 

v(w-nw+ ) = v ( t ) e j w t d t  
- 00 

a 

18 

v 

1 w=w- nw 

But B (t)  i s  pe r iod ic  and may therefore  "e represented  by a 

Four i e r  series. 

a 
Making u s e  o f  t h i s  f a c t  reduces Equation 17 t o  

00 00 

(18) 
jnwi.te - j w t  d t  I c B'R 

v (w) =I v ( t )  
- 00 

ni-oo 
1 - ta Jd B ( t ) e  -jnwatdt 

Where Ba (n) = 

And Wa = 2 7 ~ f ~ .  

Rearranging Equation 18 y i e l d s  

The i n t e g r a l  i n  Equation 19 represents  another  Four ie r  t ransform.  

Making use of t h i s  f a c t ,  Equation 19 reduces t o  

00 
I ? 

(n) ' v  (w-nw ,) a V' (w) = L Bl 

Equation 20 r ep resen t s  t he  envelope of t he  spectrum of  t h e  

composite video s i g n a l .  



However, i n  order  t o  g e t  t h e  a c t u a l  l i n e  spectrum generated 

by scanning process ,  i t  is necessary t o  cons ider  a s t i l l  p i c t u r e .  

I n  t h e  case o f  a s t i l l  p i c t u r e  being scanned, t h e  video s i g n a l ,  

v ( t ) ,  i s  p e r i o d i c  a t  t h e  frame frequency. This i s  due t o  t h e  

f a c t  t h a t  f o r  a s t i l l  p i c t u r e ,  t he  t i m e  domain ou tpu t  of  t h e  

camera w i l l  be  i d e n t i c a l  for  each frame. Under t h e s e  condi- 

t i o n s ,  v ( t )  i s  r ep resen ted  by i t s  Fourier  series o r  

d t  

-jmw t d t  t f  
Where v(m) = - S, v ( t > e  f 

f t 

And w = 2s f f  f 

Then making use  of Equation 2 1  and t h e  f a c t  t h a t  B ( t)  i s  

p e r i o d i c ,  V ( t)  may be expressed as 

L 
/ 

n= -00 m= -00 

Reca l l ing  from Chapter I that w = Nwf ,  Equation 22 can  be rec,.ced a 
t o  

00 00 

n= -00 m= -00 

Equat ion 23 i s  the  gene ra l  expression for t h e  spectrum of 

t h e  composite v ideo  s i g n a l  r e s u l t i n g  from scanning a s t i l l  image, 

19 

neg lec t ing  t h e  a d d i t i v e  term r e s u l t i n g  from synchroniza t ion .  



Appl ica t ion  of  t h i s  Model t o  a Black and White P a t t e r n  

I n  o r d e r  t o  apply Equation 23 t o  a b l a c k  and whi te  test  

p a t t e r n ,  t h e  Four ie r  transform of v ( t )  and B ( t )  must be obtained.  

I n  F igure  4 ,  t h e  b lack  and whi te  t e s t  p a t t e r n  i s  shown wi th  t h e  

R 

corresponding v ( t )  which i t  produces- The v ( t )  i s  a square wave 

of f i f t y  percent  duty c y c l e  w i t h  i t s  per iod equal  t o  t The 

corresponding v(m) i s  known - to  be  
i f ' 

L 

Lf -jmn sin- mn v(m) = - 
m n  e 2  2 .  

The a b s o l u t e  va lue  of t h i s  function, i s  

The t ransform of t h e  blanking s i g n a l  i n  Figure 3 i s  

The a b s o l u t e  va lue  of t h i s  funct ion i s  

A p l o t  o f  t h e  product of Equations 23 and 24 versus  frequency 

i s  t h e  amplitude spectrum o f  the composite video s i g n a l  produced 

by t h e  b l ack  and white  p a t t e r n .  

w i t h  t h e  amplitude component o f  t h e  z e r o  frequency t e r m  taken as 

a zero  d e c i b e l  re ference .  

about  t h e  l i n e  frequency harmonics, because such d e t a i l  i s  i m  - 

This p l o t  i s  shown i n  F igure  5 

This p lo t  does not  show t h e  components 



4 
BLACK A N D  WHITE TEST PATTERN 

S H O R I Z O N T A L  B L A N K I N G  y 

n 
L--- tf - 

[VERTICAL B L A N K I N G  

I I  II II II 11-11 

YIME DOMAIN VIDEO OUTPUT FOR ABOVE IMAGE 

BLACK AND WHITE PATTERN 
Figure  4 



i I I I I I I I 1 
0 0 0 

m -3 
I I 

P 0 
'E3 c hl 
0 I I 



b 

p o s s i b l e  t o  achieve on t h e  frequency scale used. However, t h i s  

d e t a i l  has  been p l o t t e d  on a l i nea r  scale f o r  t h e  f i r s t  two 

harmonics and i s  shown i n  F igure  6. I n  making t h e  p l o t  i n  

F igure  5, t h e  va lues  f o r  zs tR, and t 

and correspond t o  those  t o  be  used i n  t h e  Apollo t e l e v i s i o n  system. 

The p l o t  i n  Figure 5 should be compared w i t h  t h e  p l o t  i n  

F igure  7, which i s  a reproduct ion  of t h e  a c t u a l  spectrum produced 

by scanning a b lack  and wh i t e  test p a t t e r n .  

measured by engineers  a t  t h e  Man Space F l i g h t  Center i n  Houston, 

Texas. 

spectrum w i t h  t h e  measured spectrum f o r  t h e  f i r s t  twenty-eight 

harmonics. The agreement between t h e  c a l c u l a t e d  and measured 

spectrum i s  q o i t c  good w i t h  t h e  average d i f f e r e n c e  being less 

than  2db, and only four  components showiig g r e a t e r  than  3db e r r o r .  

were taken from Table 1 f 

This spectrum was 

Table P I  i s  a comparison of t h e  c a l c u l a t e d  amplitude 

Discussion of t h e  Fac to r s  Affect ing These Resu l t s  

The spectrum r e s u l t i n g  from scanning t h e  black and whi t e  

p a t t e r n  i n  t h e  above s e c t i o n  is  not what i s  usua l ly  expected 

from an  i n t u i t i v e  viewpoint.  The b a s i c  v ideo  s i g n a l ,  v ( t ) ,  was 

a t e n  cyc le  square wave, y e t  due to  t h e  e f f e c t  of t h e  blanking 

s i g n a l ,  t h i s  p a t t e r n  produces components which are  only about 

40db down from t h e  maximum component a t  1OOKHz. 

i s  analogous t o ,  bu t  c e r t a i n l y  not t h e  same as ,  t he  spectrum 

genera ted  by sampling a bandlimited func t ion .  When considered 

i n  t h i s  l i g h t ,  t he  r e s u l t  i s  more i n t u i t i v e l y  s a t i s f y i n g .  

This  spectrum 

An examination of Equations 23 and 24 r e v e a l s  some of t h e  

parameters  which a f f e c t  t h i s  spectrum. From Equation 24, i t  

23 
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TABLE I1 

COMPARISON OF CALCULATED RESULTS WITH 

EXPERIMENT DATA FOR BLACK AND WHITE PATTERN 

Line frequency Actua l  Calculated Amplitude Dif fe rence  
Harmonic number, N Frequency Amplitude Measured by 

i n  KHZ i n  db NASA 

1 
2 
3 

4 

5 

6 
7 

8 
9 

LO 
11 

12 

13 

14 

15 
16 

17 

18 

19 
20 
21 

22 

23 
24 

25 

26 

27 
28 

3.2  

6.4 

906 

12.8 
1.6.0 

19,2 

22,4 

25.6 

28,8 
32.0 

35.2 

38,6 

41.8 

45 .Q 
48,2 

51.4 

54.6 

57.8 

60.0 

63.2 

66.4 

69,6 

7208 
75 .o 
78.2 

81.4 

84,6 

87.8 

- . 1 2  

- ,52 

- 1,14 

-2,2 

-3 ,6  

- 5,36 

= 7.72 

- 11,04 
-16,08 

- 28 
- 25.56 
- 18,08 
.. 14.88 
-13.56 

- 13,2eC 

-13.68 

- 14- 88 
-17.2 

-20.92 

- 28, 
- 48. 
- 26, 
- 20092 

- 19,2 

- 18 
-17.8 
-18.56 

- 200Q6 

- .4 
-1.5 

-2 .5  

- 1.0 

-2.5 

-4.9 

-6  

-7.5 
- LO 
-12.5 

- 13.5 

- 12.5 

- 12 
- 1 1 , 7  

- 13,8 
- 14 

- 16 
-1707 
- 20 
- 23 

not present  

- 22 
- 21 
- 19 
- l7,6 
- 1 7  

- 19 
- 20 

.8 

.98 
1.36 

1.2 

1.1 

e 46 

1.12 

3.5 

6.08 

15.5 

13 

6 

2.88 

1.8 

.6 

.32 

1.22 

.5 

98 

5.  
-- 

4. 

.08 

.2 

.4 

.8 

.44 

.06 



27 

can be  seen t h a t  B (n) has an o v e r a l l  d i s t r i b u t i o n  of t he  f a m i l i a r  

s i n  x/x from and t h a t  t h e  parameter which c o n t r o l s  t h e  width of 

t h e  spectrum of BQ(n) i s  s / t a y  the  f r a c t i o n  of t i m e  spent  f o r  

r e t r a c e .  A s  t h i s  f r a c t i o n  becanes smaller, t he  f i r s t  zero  of 

t h e  s i n  x/x func t ion  becomes g rea t e r  and t h e  spectral, width of 

1 

B (n)  i n c r e a s e s .  a 
From Equation 23 ,  t he  parameters e f f e c t i n g  v(m) may be  

examined. V(m) a l s o  has  a s i n  x/x  d i s t r i b u t i o n  and i t s  f i r s t  

zero i s  givebxby the  r e c i p r o c a l  of t h e  p u l s e  width o r  t h e  r ec ip -  

r o c a l  of t h e  t i m e  i n t e r v a l  during which t h e  image i s  white. For 

t h i s  very s p e c i a l  case ,  t h i s  t i m e  i s  t / 2 ,  t hus  y i e l d i n g  a spec- 

trum of v ( t )  which i s  approximately 140 cyc le s  wide.  I f  t he  

t r a n s i s t i o n  from black  t o  wh i t e  had been more gradual  going 

through seve ra l  shades of gray i n  between, then  v ( t )  would have 

had an  even narrower spectrum and t h e  frequency components of 

t h e  composite v ideo  would have been much more t i g h t l y  bound t o  

t h e  harmonics of  t h e  l i n e  frequency. I n  t h e  l i m i t i n g  case  of 

a s i n g l e  s i n e  v a r i a t i o n  from black t o  whi te ,  t h e r e  would have 

been only one sideband component fo r  each l i n e  €requency har- 

monic; and it would have been a t  the framing frequency, 10 Hz. 

f 

Changing t h e  tes t  p a t t e r n  w i l l  have no e f f e c t  on Ba(n), 

s i n c e  it i s  a func t ion  of t h e  scanning parameters .  The e f f e c t  

on v(m), however, may be q u i t e  drast ic ,  s i n c e  v ( t )  i s  a func t ion  

of t h e  p i c t u r e  and of t he  scanning ra tes .  

I n  cons ider ing  t h e  e f f e c t  of o the r  images on the  spectrum 

of v ( t )  and thus  on t h e  composite v ideo  spectrum, i t  i s  most 
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h e l p f u l  t o  d i v i d e  t h e  p o s s i b l e  v ( t ) l s  i n t o  two classes.  The f i r s t  

c l a s s  w i l l  be def ined  as a se t  of poss ib le  images which w i l l  

gene ra t e  a corresponding set  of v ( t ) ' s  bandl imited t D  t h e  band- 

width of BQ(n). 

p o s s i b l e  images which w i l l  genera te  corresponding v ( t ) ' s  which 

have bandwidths i n  excess  of the  bandwidth of B ( n ) .  I n  t h e  

case  of t h e  Apollo system operat ing i n  mode one, t h i s  d iv id ing  

bandwidth f o r  t he  v ( t ) l s  can be taken as approximately 32 KHz. 

(The f i r s t  zero  of t h e  s i n  x /x  d i s t r i b u t i o n  desc r ib ing  t h e  spectrum 

The o the r  c l a s s  w i l l  be  de f ined  as a set  of 

a 

of B Q ( t )  1. 

For t h e  c lass  of v ideo  funct ions wi th  t h e i r  bandwidths 

l imi t ed  t o  t h e  bandwidth of B R ( t ) ,  t he  genera l  shape of t h e  spec- 

t r u m  i s  def ined  by BR(n) .  

can b e s t  be shown g r a p h i c a l l y ,  bu t  before  proceeding t o  such 

an argument, c o m i d e r  a r e s t r i c t e d  c a s e  of t h i s  c lass  of v ( t ) l s .  

The c a s e  i s  one where v ( t )  i s  bandlimited t o  less than  one-half  

of t h e  l i n e  frequency.  For such a s i t u a t i o n ,  t h e  composite 

v ideo  spectrum i s  g iven  by Equation 20. An example of such a 

case i s  p l o t t e d  i n  F igure  8a.  An inspec t ion  of t h i s  f i g u r e  re- 

v e a l s  t h a t  t h e  bandwidth of t he  composite v ideo  spectrum i s  

g iven  by t h e  bandwidth of t h e  blanking s i g n a l .  

The j u s t i f i c a t i o n  f o r  t h i s  s ta tement  

A s  t h e  bandwidth of v ( t )  is  allowed t o  inc rease ,  t h e  

s i t u a t i o n  becomes more complicated,  due t o  t h e  overlapping of 

t h e  spectrum of v ( t )  about each of the  l i n e  frequency harmonics. 

An example of t h i s  ca se  i s  shown graphica l ly  i n  F igure  8b.  This 

f i g u r e  i s  drawn by cons ider ing  only f i v e  of t h i r t y  o r  f o r t y  
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v(w)'s disp laced  about each of the  t h i r t y  o r  f o r t y  l i n e  harmonics 

given by B-(n) .  

t he  amplitude of v(w) m u l t i p l i e d  by the  va lue  of B (n) a t  t h a t  

harmonic then the  envelope of the composite video spectrum w a s  

approximated by adding on a poin t  t o  poin t  b a s i s  t he  envelope 

o f  a l l  the  v(w) ' s .  Since only  f i v e  of t he  v(w) ' s  were considered,  

t h i s  i s  a f a i r l y  crude approximation, b u t  i t  se rves  t o  i l l u s t r a t e  

t he  poin t .  A c l o s e  in spec t ion  of Figure 8 w i l l  r e v e a l  t h a t  t he  

harmonics i n  the  upper frequency regions are s t i l l  very  s m a l l  

and t h a t  the  bandwidth of the composite video s i g n a l  i s  s t i l l  

q u i t e  c l o s e  t o  t h a t  of B -  (t) taken alone. HOWFVEI-, the  a c t u a l  a 
f i n e  s t r u c t u r e  of t h e  composite video s i g n a l  i s  no longer e a s i l y  

obta ined  by t h i s  method, s i n c e  i t  requires adding a l l  of t he  

components of t h e  var ious  overlapping v (w) ' s  a t  a frequency t o  

o b t a i n  the  amplitude of t h a t  frequency component. 

V(w) i s  placed about each l i n e  harmonic wi th  a 

a 

One poin t  t h a t  should not be missed i s  the  f i n e  d e t a i l  i n  

t he  r eg ion  of overlapping.  I n  t h i s  region of overlapping,  t h e r e  

are no new frequency components generated.  This i s  caused by 

the  unique r e l a t i o n s h i p  be€ween the l i n e  and frame f requencies .  

Since the  l i n e  frequency i s  a harmonic of t he  frame frequency 

and each of t h e  sideband components is separa ted  from t h e  l i n e  

frequency by m u l t i p l e s  of the  €rame frequency, t he  overlapping about 

t he  l i n e  frequency harmonics p laces  sideband components of one 

l i n e  frequency harmonic on top  of the sideband components of t he  

next  l i n e  frequefncy harmonic. 

s i g n i f i c a n t  components, then t h e  h ighes t  frequency term generated 

For example, i f  v(m) has 200 



by p lac ing  v(m) about f i s  f 4- 200ff, or s i n c e  f a  i s  Nf i t  

i s  f ( N  + 2 0 0 ) , . .  However, i f  N is  250, then t h i s  i s  the  same 

frequency as 2Nf -50 o r  the  200th upper sideband component of t he  

f i r s t  l i n e  frequency would f a l l  exact ly  on the  50th  component of 

t h e  lower sideband of the  second harmonic of t h e  l i n e  frequency. 

a a f '  

f 

f 

The second class of v ( t ) ' s  presents  s e v e r a l  new i n s i g h t s  ; 

and, i n  genera l ,  when t h i s  class o f  v ( t ) ' s  i s  p re sen t ,  then v ( t )  

w i l l  be  the  func t ion  which determines t h e  bandwidth and not  B g ( t ) .  

To begin wi th ,  cons ider  the  t r i v i a l  case of v ( t )  be ing  a u n i t  

impulse. 

spectrum, Therefore ,  when such a spectrum i s  placed i n  Equation 

20 f o r  v(w) and then d isp laced  about each of t he  l i n e  f requencies ,  

i t  i s  obvious t h a t  t he  bandwidth of  such a spectrum i s  i n f i n i t e ,  

because the  v(w) placed about the  o r i g i n  extends to  i n f i n i t y  

wi th  u n i t y  amplitude and the. o t h e r  spectrums are only  added t o  t h i s  

one so t h a t  t h e r e  i s  no way the  blanking s i g n a l  can l i m i t  the  

bandwidth. The blanking s i g n a l  w i l l ,  however, change the  cons- 

t a n t  ampli tude,  bu t  i t s  e f f e c t  on th i s  cons t an t  ampli tude spectrum 

i s  a second o rde r  one. 

Then v(w) i s  a u n i t y  constant over  t he  e n t i r e  frequency 

A s  a second example, consider  a v(w> bandl imited t o  about four  

t i m e s  t h e  bandwidth of B ( t ) ,  and assume v(w) i s  a u n i t y  cons tan t  

o u t  t o  t h e  l i m i t i n g  frequency. A plot  of  t h i s  s i t u a t i o n  i s  shown 

i n  F igu re  8c, once aga in  us ing  only f ive  of t he  components t o  

o b t a i n  t h e  envelope of thk spectrum of t h e  composite video.  

In spec t ion  of t h i s  p l o t  r e v e a l s  that  the  3db bandwidth of the  

d 

31 
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composite video f o r  t h i s  case i s  given e x a c t l y  by the bandwidth 

of v ( w ) ,  and t h e  only  e f f e c t  which blanking has on t h e  composite 

vide,o spectrum i s  t o  raise the. level  of t h e  very h igh  frequency 

terms, b u t  they s t i l l  do n o t  become of t h e  a p p r e c i a m e  s i z e .  

It should be pointed ou t  t h a t  the d i v i s i o n  between t h e  two 

classes of v( t )Os  i s  somewhat a r b i t r a r y :  i . e * ,  t h e  bandwidth o f  

B ( t)  as a d i v i s i o n  p o i n t  i s  not  w e l l  def ined.  Rather  t h e  s i t -  

u a t i o n  i s  t h a t  f o r  v ( t ) ' s  w i th  only  low frequency components as 

R 

compared wi th  E 4 ( t )  -,-then B ( t)  def ines  t h e  bandwidth. o f  t h e  R 
composite video s i g n a l ;  b u t  € o r  v ( t ) ' s  w i t h  s t r o n g  h igk  frequency 

compocents, then v ( t )  d e f i n e s  the  bandwidth of t h e  system. For 

t h e  in te rmedia te  cases ,  t h e  bandwidth i s  g r e a t e r  than  e i t h e r  v ( t )  

o r  B4(t)  would i n d i c a t e ,  b u t  no s i m p l e  approximation can b s  used 

t o  f i n d  the  bandwidth i n  t h i s  case--rather ,  a p l o t  s i m i l a r  t o  

t h e  ones i n  F igure  8 seems t o  be t h e  most s t r a i g h t  forward approach. 

Determination o f  a More Complicated - v ( t )  

As a f i n a l  example, cons ider  the video func t ion ,  v ( t )  gener- 

a t e d  by scanning a white  diagonal  bar on a b lack  background. 

The. o p t i c a l  image and the  corresponding t i m e  domain output  o f  

t h e  scanning device. are shown i n  Figure 9.  

V ( t )  c o n s i s t s  of a series o f  pulses each of wid th  T and each 

p e r i o d i c  a t  t h e  framing frequency. The spectrum of any one o f  

t h e  p e r i o d i c  pulse  t r a i n s  i s  given by t h e  Four ie r  series expan- 

s i o n  o f  t h e  pulse  t r a i n .  Denoting t h i s  expansion as K ( t ) ,  t h e  

series becomes 

1 
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T i m e  

T I M E  DOMAIN O U T P U T  RESULTING FROM SCANNING THE IMAGE 
BELOW NEGLECTING B L A N K I N G  

D I A G O N A L  BAR I M A G E  

DIAGON A L  B A R  EXAMPLE 
Figure  9 
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-jnw t 
Where Kl(n) = .f d t  

And w = 2nf f: .f 

Thus c a r r y i n g  ou t  t h e  ind ica t ed  i n t e g r a t i o n  f o r  t h e  pulse  t r a i n  
- jnw T ( s i n  nwf n ~ 2 )  

i n  ques t ion ,  Kl(n) = TE: f 
- 

Thus the  envelope of  K ( t )  i s  g iven  by the f a m i l i a r  s i n  x/x 

d i s t r i b u t i o n  wi th  the  f i r s t  zero occuring when w= l / ~  . 
1 

However, tho spectrum of  v ( t )  i s  g iven  by a summation of i? 

such pulse  t r a i n s  o r  

e 

v ( t )  =7 2 

i=o  

By s u b s t i t u t i n g  Equation 24 i n t o  Equation 26, t he  Four i e r  se r i f s  

r e p r e s e n t a t i o n  of  v ( t )  becomes 
a 00 

r_l - jnw t 

i=o  n= -00 

(27) 
f v ( t >  = L  1 Ki (n) e 

An inspec t ion  of Pquation 27 reveals t h a t  t he  summing of 

t h e s e  pulse  t r a i n s  a f f e c t s  only the  amplitude o f  t he  components. 

Thus f o r  some f i x e d  n, say nl, i t  i s  necessary t o  sum a l l  o f  the  

I.$ s from each t r a i n  of  pu lses  t o  f ind  the ampli tude of t h e  compon- 

e n t  a t  n Bu; f o r  some f ixed  n, t he  amplitude of  a l l  the K$ i s  the  1' 

same and the  only  differEnce i n  the K ' s  i s  the  phase of the  components. 
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This  p h a s e d i f f e r e n c e  i s  caused by & facc t h a t  t he  bez inning  on one 

p u l s e  t r a i n  i s  delayed by one i i n e  bca i  pe;,oG ;?liis at due t o  the  s l a n t  

of t h e  l i n e )  from the  preceedlng p u i s 2  trx:.. ?his, t h e  p h a s e s h i f t  9 a s  

f u n c t i o n  of t he  t i m e  de l ay ,  td, between pu:.sss is given  by 

Where f i s  t b  frequency ~f the coxponent i n  ques t ion .  

The t i m e  de lay ,  td, Setwcen t h e  f i rs t  and second p~l ses  i s  3 + at; 
and between t h e  f i r s c  tad t h i z l ,  i t  i s  twice c h i s  much or ,  i n  gene ra l  

f o r  t h e  ith pulsz ,  ;; i s  f(tj + A t ) .  The ampiituc;: of the n component, 1 

A(n ), may b e  now cs?rsssed as LiAe s ~ a  of terns with i d z n c i c a i  ampli- 

tudes  and phases givzib by Equation 28 or  
1 

However, by r e c a l l i n g  t h e  K (n ) = X2(n1) = ...... K i n  ) the  
1 1  & i  

expressiori  rtj2cces ;o 

j 2niTf A ; q )  = K(n ) 
1 1 

i=o 

Where T = t + At. a 

Howevi=z. ;se series i n  Equation 29 n;;. 'k put  i n t o  cia:;,: 

form ( l o ) ,  atid t h e  r k s u l t s  are 

S u b s t l t u t i G i  af Equation 30 i n t o  Equation 29 y i e l L s  ~n express:.;.. ,.- Ll(;~ ' 
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Since Equation 31 is  good f o r  any f i x e d  n, i t  may be s u b s t i t u t e d  

i n t o  Equation 27 t o  o b t a i n  t h e  Four ie r  series r e p r e s e n t a t i o n  of 

v ( t )  as 
00 

(32) 
j nw ft 

.f 1 e s inxk?Tnf 

s inn  Tnff 
v ( t )  =I 1 K(n) 

n=- 00 

The envelope of t h e  r e s u l t i n g  v ( t )  has been p l o t t e d  i n  

F igure  10 assuming a v e r t i c a l  l i n e :  i . e . ,  A t  = 0 The e f f e c t  of 

haveing the  sum of pulse  t r a i n s  i n s t e a d  of only one pulse  t r a i n  i s  

t o  modulate t h e  envelope of K(n) w i t h  

* 

s inngTnf .f 

f s i n n  Tnf 

The main e f f e c t  of t h i s  modulation i s  t o  concent ra te  t h e  energy i n  

bands about t he  harmonics of the  l i n e  frequency, Observe t h a t  t h i s  

concen t r a t ion  i s  accomplished without  cons idera t ion  of t he  blanking 

frequency, and t h a t  when the  pulse  width is  small, t he  e f f e c t  of the  

blanking s i g n a l  on the  composite video spectrum is very  minor by 

the  arguments presented i n  t h e  last  sec t ion .  Thus, i n  t h i s  case, 

t h e  bandwidth necessary t o  t ransmi t  t h e  composite video s i g n a l  is 

determined by t h e  v ( t )  and, more s p e c i f i c a l l y ,  by the  s i n  x/x env- 

e lope  of one of t he  pu l ses .  

One last po in t  of i n t e r e s t  i s  what  happens when A t i s  not 

zero: i .e . ,  when the l i n e  i s  r o t a t e d ,  Examination of  the  modulating 

1 
func t ion  w i l l  r e v e a l  t h a t  i t  i s  pe r iod ic  and has peaks loca ted  a t  f = -  T. 

36 



37 

F R E Q  

M A G N I T U D E  OF K(n)  FOR D I A G O N A L  BAR 

f l  
f 1 

Y 

n 
2 - 
4 

z 
4 

F R E Q  
20f ,  

ENVELOPE OF THE V I D E O  
SPECTRUM OF THE D I A G O N A L  BAR 

SPECTRUM FOR D I A G O N A L  BAR 



38 

Therefore ,  i f  A t is  not zero ,  tnen the  peaks of  t h e  spectrum envelope 

and harmonics of f .  Thus, for a A t  small, i n  comp- 1 
occur  a t  f - 

a r i s o n  wi th  ta, the  f i r s t  peak i s  very near. t h e  l i n e  frequency, bu t  f o r  

t he  h igher  harmonics of f ,  the  peak occurs f a r t h e r  away from t h e  l i n e  

frequency and thus the  spectrum becomes more d i f f u s e d  i n  the  higher  

propor t ions  of t he  video range f o r  non-vert ical  l i n e s .  

tQ+At 

This e f f e c t  i s  analogous t o  pu t t ing  a band of f requencies  

i n t o  a frequency doubling c i r c u i t ,  and the output  i s  a band of  f re -  

quencies  twice  as wide. For example, ‘is A t  i s  .Oltb, then the  f i r s t  

peak occurs  a t  f = .99f bu t  t he  50th peak occurs  a t  f =  49.5fQ o r  

h a l f  way bezween t h e  fo r ty -n in th  and f i f t i e t h  harmonic of the  l i n e  

frequency . 
Summary 

a’ 

I n  t h i s  chapter ,  a mathematical model f o r  the  composite 

video s i g n a l  has been presented and the  r e s u l t i n g  spectrum f o r  the  

composite v ideo  s i g n a l  der ived.  Examples have been presented  us ing  

t h i s  model, and the r e l a t i o n s h i p  between t h e  b lanking  and v ideo  

s i g n a l  on t h e  r e s u l t i n g  composite video s igna l  has been shown 

h e u r i s t i c a l l y  t o  be a func t ion  of the  bandwidths of  each s i g n a l  taken 

s e p a r a t e l y .  A f i r s t  o rde r  approximation t o  t h e  bandwidth necessary 

t o  t r ansmi t  a given video s i g n a l ,  v ( t )  has been shown and the  f a c t o r s  

a f f e c t i n g  t h i s  bandwidth discussed.  However, t h e r e  has been no genera l  

method g iven  f o r  ob ta in ing  v ( t )  which for  complhx program material, 

be.comes q u i t e  d i f f i c u l t  by the  methods used i n  t h i s  chap te r .  

problem w i l l  be  d e a l t  w i th  i n  Chapter I V .  

This 
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One ray of encouragement concerning this model is that the 

results obtained €or wide-band v(t9's agree with those obtained by 

L . E .  Franks using a random video model (99. 



CHAPTER IV 

GENERAL METHOD FOR OBTAINING THE SPECTRUM OF THE VIDEO SIGNAL 

General Discussion 

I n  Chapter 111, a mathematical  model of t h e  composite v ideo  

s i g n a l  was presented,  bu t  i n  o rde r  t o  use  t h i s  modes, i t  is nec- 

e s s a r y  t o  eva lua te  the  func t ion  v ( t ) .  This func t ion  may be obt-  

a ined  by performing the  scanning process mental ly  and thus genera- 

t i n g  t h e  v ideo  s i g n a l ,  as w a s  done f o r  the previous two examples. 

However, t h i s  process becomes very complicated f o r  a p i c t u r e  of 

any complexity.  Thus, i t  would be very advantageous t o  have a 

method f o r  ob ta in ing  the  spectrum of  v ( t )  d i r e c t l y  from the  image 

and thus  avoid  t h e  s t e p  of t ransformat ion  i n t o  the  t i m e  domain, 

I n  t h i s  chap te r ,  a method developed by P. Mertz and F. Gray f o r  

ob ta in ing  the spectrum of  v ( t )  d i r e c t l y  will be presented,  and a 

numerical  technique f o r  machine computation based on t h i s  method 

w i  11 be developed e 

Harmonic Analys is  of  Scanned O p t i c a l  Images 

F igure  11 rep resen t s  a t y p i c a l  image to  be t r ansmi t t ed  through 

a t e l e v i s i o n  system. I f  t he  b r igh tness  func t ion  over  t he  su r face  

is def ined  as B(x,y),  then along any f ixed  y ,  say  yl, i t  i s  poss ib l e  

t o  expand 

p i c t u r e  is per iod ic  a long x a x i s .  This assumption does not  degradate  

the  r e s u l t s ,  s i n c e  what i s  o u t s i d e  the  i n t e r v a l  from x-0 t o  x=2a 

i s  not  s p e c i f i e d  by the  image inques t ion : :  Le-. , B(x,y) may be def ined  

B(x,yl) i n  a s p a c i a l  Four i e r  s e r i e s  by assuming t h a t  the 

it-. any manner which i s  u s e f u l  ou t s ide  of t h i s  i n t e r v a l  r .  

4 0 
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Thus, B(x,yl) may be expressed as  

42 

k=- 00 

I f  y i s  allowed t o  change t o  some o t h e r  y ,  t hen  t h e  only e f f e c t  

on Equation 33 i s  t o  change the  A ‘s .  It fol lows t h a t  i f  B(x,y) 

i s  allowed t o  become pe r iod ic  in t h e  y d i r e c t i o n ,  a l s o ,  t h a t  Ak 

may then be expanded i n t o  a Four ie r  s e r i e s  i n  y or  t h a t  A 

becomes 

k 

k 

S u b s t i t u t i o n  of Equation 34 into Equation 33 y i e l d s  a genera l  

express ion  f o r  B (  x , y ) :  i . e .  B(x,y) becomes 

00 00 

The e f f e c t  o f  seaming such a n  image i s  t o  make both x and 

y func t ions  of t .  Then as x and y vary  with time, a narrow s t r i p  

i s  scanned a c r o s s  each of t h e  p i c t u r e s  i n  t h e  xy plane so t h a t  

t h e  t o t a l  e f f e c t  i s  t o  repea ted ly  scan t h i s  image and, t h e r e f o r e ,  

t o  gene ra t e  a v ( t )  which corresponds t o  t h e  video output  pro- 

duced by scanning a s t i l l  image. (See Figure 11). Thus, v ( t )  

may be expressed as 



Where x = v t  

y = u t  

A = conversion ga in  of the  scanning device 
g 

v = v e l o c i t y  of the  scanning device i n  the  

x d i r e c t i o n  

u = v e l o c i t y  of the  scanning device i n  t h e  

y d i r e c t i o n  

By combining the  f k ,  +a components wi th  the  - k ,  - 4  components 

and th.e -k ,  4-R components wi th  t h e  +k, - 2  components, Equation 36 

may be w r i t t e n  as a cos ine  s e r i e s .  

b has  been t.aken as one for  convenience 
g 

However, Equation 37 may be f u r t h e r  s impl i f i ed  by r e c a l l i n g  v/a = 

2 / t a  and v /b  = 2 / t  so t h a t  Equation 37 becomes f 

k=o 4-00 

Equat ion 38 r ep resen t s  t he  gene ra l  form of the  video ou tpu t  as a 

funct ior!  of t i m e  and has the added advantage t h a t  i t  de f ines  the  spectrum 

of v ( t > ,  Inspec t ion  of Equation 38 shows the  components i n  the  spectrum 

of v ( t )  are the l i n e  frequency harmonics wi th  sidebands about  them consi- 

4 3  
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s t i n g  of t h e  frame f requencies .  

confused w i t h  t h e  composite video frequency spectrum ob ta ined  i n  Chapter 

111, b u t  r a t h e r  t h i s  i s  the  video spectrum be fo re  m u l t i p l i c a t i o n  by t h e  

blanking s i g n a l .  

(See Figure 12). This should not  be 

The major aavantagt? 0 ;  express ing  v ( t >  Ir. the form of Equation 38 

i s  t h a t  the  c o e f f i c i e n t s ,  

may be found d i r e c t l y  from the  image func t ion ,  B(x ,y>.  

, whicl-. determir.a :he spectrum of v ( t )  

Using Equat ion 35, B(x,y) may be reduced t o  a cosl;,i expres- 

s i o n  us ing  t h e  sane mechod as f o r  v ( t ) .  B (x ,y)  then  becsmis, 

00 00 - -  
nf cos rJrk x 4- - y )  I t + PkL Ak2 a b 

B(x,y) = ' 1  , - -  

However, t h i s  express ion  i s  expandable by use  of trig i de l ; t l ; i s s  

i n t o  

-i b s i n  ;q?.i kl (?$ y) 

k& Where akQ = A , .  cos Q 
K.4 

It then  fo l lows  by o r th rogna l  re lac ionships  t h s r  

2a 2b 
n e  

I 
J o  J o  B(x,y) cos ( 2 x + 3 y )  3x dy (.L; 

1 a =- 
D ?q 4ab 

22. 2b and 
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2 
, t he  spectrum of  v ( t )  i s  completely + b  

Then s i n c e  A = a2 
Pq P4 P4 

def ined  by eva lua t ion  of t he  i n t e g r a l s  of Equation 40 and Equation 41. 

General Aspects of the  Spectrum of v ( t )  

I There are s e v e r a l  po in t s  of  i n t e r e s t  concerning the  video spectrum 

which are brought t o  l i g h t  by t h i s  approach. The f i r s t  of t hese  i s  

t h a t  t he  process  of  scanning t ransforms each of t he  s p a c i a l  Four i e r  

components of B(x,y) i n t o  a component i n  the  spectrum of v ( t ) .  This  

t ransformat ion  i s  made on a one t o  one basis  and any n o n l i n e a r i t y  i n  

the  scanning device which a l ters  the  amplitude of t hese  components o r  

genera tes  new ones w i l l  produce d i s t o r t i o n  of the  video s i g n a l .  

Another i t e m  of  i n t e r e s t  i s  t h e  e f f e c t  of motion i n  the  image. 

If the  image i s  changing from one scan  to another ,  then  t h e  e f f e c t  

t h i s  has on the  Four ie r  s e r i e s  expansion of B(x,y) i s  t o  make the  

c o e f f i c i e n t s ,  

the  c o e f f i c i e n t s  i n  the  Four ie r  s e r i e s  expansion of  v ( t ) ,  each compon- 

e n t  of v ( t )  i s  of t he  form 

funct ions  of t i m e .  Since these  c o e f f i c i e n t s  are a l s o  
AkaJ 

A ( t )  = Aklal (t) cos [ ( k l f l  + llff) 2nt  + Ok a 1. 
1 1  

Where A ( t )  i s  the  amplitude of the  K l a l  component. 

In spec t ion  of Equation 42 r e v e a l s  t h a t  i t  i s  a n  exac t  express ion  f o r  a 

double s ideband supressed carrier s i g n a l .  The spectrum of each compon- 

e n t  of v ( t )  t akes  on sidebands wi th  the maximum frequency of t h e  s idebands 

equal  t o  t h e  maximum frequency of the motion i n  t h e  image. F igure  12 

i s  a blown-up po r t ion  of a p a r t  of such a spectrum of v ( t ) .  Note t h a t  
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if t h e  frequency of t h e  motion i s  g r e a t e r  than  1 / 2  t h e  frame frequency, 

a l i a s i n g  w i l l  r e s u l t ,  causing a b l u r r i n g  e f f e c t  i n  t h e  r ece ived  image. 

Another po in t  of i n t e r e s t  i s  the e f f e c t  of scanning wi th  a f i n i t e  

apea ture .  Up t o  t h i s  po in t  i n  the  d iscuss ion ,  t h e  apea tu re  through 

which the  scanning device viewed t h e  image has  been assumed t o  be a 

po in t ,  I f  i t  i s  not a po in t  bu t  r a t h e r  a small area wi th  i t s  res- 

ponse dependent upon t h e  l o c a t i o n  of the  image po in t  i n  t h e  area, then  

these  r e s u l t s  must be  modified. 

smooth t h e  t i m e  series rep resen t ing  v ( t )  and thus  t o  modify t h e  spectrum 

much as a f i l t e r  would. By extending t h i s  b a s i c  f i l t e r  concept,  Mertz 

and Gray (11) were a b l e  t o  show t h a t  a f i n i t e  two dimensional apea ture  

has  the e f f e c t  o f  a comb f i l t e r  wi th  i t s  response peaks a t  the  hamon- 

i c s  of t he  l i n e  frequency..Thus, t h e  e f f e c t  o f  a f i n i t e  apea tu re  on 

the  spectrum i s  t o  f u r t h e r  confine the components t o  bands of f req-  

uencies  about t he  harmonics of t he  l i n e  frequency. (The convergence 

The e f f e c t  o f  such an  apea tu re  i s  t o  

of t he  Four i e r  series expansion of v(t) a l so  has the  e f f e c t  of con- 

f i n i n g  the  energy t o  these  bands i n  the  spectrum.) 

One precaution which must be observed i n  us ing  t h i s  method i s  

t h a t  B(x,y) must t r u l y  be a func t ion  of both x and y o  

the  i n t e g r a l s  of Equations 40 and 41 are i d e n t i c a l l y  zero .  

t h i s  i s  not  a f a u l t  o f  t he  theory,  but  r a t h e r  a v i o l a t i o n  of one o f  i t s  

assumptions,  

f o r  t he  two d i f f e r e n t  y ' s  w i l l  change %;however, i f  B(x,y) i s  not  a 

func t ion  of y,  then  t h i s  i s  no longer t rue  and thus ,  t he  theory co l lap-  

ses. However, when t h i s  cond i t ion  e x i s t s ,  t h e  s i t u a t i o n  i s  e a s i l y  

r e c t i f i e d  by expanding B(x) or B(y) i n  i t s  corresponding one dimen- 

s i o n a l  series. 

Otherwise, 

However, 

Equation 34 t a c i t l y  assumes t h a t  t he  expansion of B(x,y) 
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Development o f  a Numerical Method f o r  Approximating the  Spectrum 

of v ( t )  ---- 
It i s  d e s i r a b l e  t o  lsave a numerical  technique f o r  approximating 

t5.g. spe,ctrum of v ( t )  i n  ordc-.r t o  avoid eva lua t ion  of t h e  i n t e g r a l s  i n  

Equation 40 and Equation 4 1 .  The reason f o r  avoiding t h i s  i n t e g r a t i o n  

i .s the  d i f f i c u l t y  of ob ta in ing  a mathematical express ion  for B(x,y):  
I 

I when the image i s  normal program mate r i a l .  I n  o r d e r  t o  o b t a i n  such a n  

approximation, i t  i s  s u f f i c i e n t  t o  make x and y d i s c r e t e  and then f i n d  

c o e f f i c i e n t s  o f  t h e  double Four ie r  series such t h a t  t he  series e x a c t l y  

r e p r e s e n t s  B(x,y) a t  the d i s c r e t e  po in t s  i n  ques t ion .  I f  x i s  allowed 

to t ake  on  2N va lues  and y i s  allowed t o  take on 2M values ,  then  x 

and y become pe r iod ic  i n  2 N  and 2M r e spec t ive ly .  

per iods  of x and y i n t o  account,  Equation 30 may be r e w r i t t e n  i n  an 

Taking the  new 

approximated form as 

k=o ,4=o 

na. 
N M 

x + - y)  ] Jrk bkl s i n  (- (43  1 

Where b =. b = 0 d ,  4 k, o 

The reasons  f o r  t h e  l i m i t s  on the  summation w i l l  become clear as 

formulas f o r  a ’ and b are derived. The dropping of t h e  nega t ive  

va lues  of ,4 i s  poss ib l e  because a = a 

t h e  spectrum i s  syrmnetrical wi th  r e s p e c t  t o  t h e  l i n e  frequency harmonics. 

kl ke 
and bu = bk- : i. e. ,  k,& k , - 1  

Thus,the problem of expanding the  Equation 43 t o  o b t a i n  the  

video spectrum reso lves  i t s e l f  i n t o  t h e  problem of  ob ta in ing  a and 

i n  a numerical  form s u i t a b l e  f o r  machine c a l c u l a t i o n .  Before 

k,4 

bkJ 
_ .  



proceeding t o  the deviation of these coefficients, it is helpful t o  

prove three lemmas which are necessary in t h e  actual derivation of 

I the expressions for the coefficients. 

Lema L I - 
bw sin(? nk x + na 

) 
x=O y=O k=O R=O 

Proof :  

Expanding by trig. identities 

bM (sin "IX nk cos --y na + cos --x nk sin - Ira y) 
N M N M 

(cos 3 sin 9 - sin %c sin 3 s = c  z c c 
2 C y k . J  

N 

Carrying out the indicated multiplication 

sin --x nk cos j n.8 cos % co&$ - 
N M N M 

x y k . 8  

sin & sin cos sin 3 + 1 1 1 bkJ N 
x y k a  

cos $x sin % cos 3 cos 2 y  - z c c c bka M 
x y k b  
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y s i n  a x  s i n  a y nk 
N M 1 1 1 bka COS N x s i n -  M 

, and by rear ranging  

2M-? N - 1  M - 1  2N- 1 
nk s i n  - x c o s  +- Ice M z N 

s =I 1 1 b COS &- y cos 9 
y-0 k=O &O x=o 

1 1 1 
2 N - 1  M - I  M - 1  2M- 1 

cos -y n l  s i n F y  + z M 
x s i n %  x bke s i n -  N nk 

N- 
x=O k=OdL=O y=o 

2N-1 N-I. M - I  2M- 1 

a x-1 cos a y  s i n  - nR Y - 
N N M M 

x cos 5k  1 1 1 bke c o s  

x=O k=O j=O y=O 

bu t  i t  known. t h a t  (12) 

2f- 1 
cq 

JI JI s i n -  jn COS hz = 0 
2 =o 

Thus apply ing  this theorem t o  each of the  s i n g l e  series above S becomes, 

s = o  t 

2N-1 2 M - 1  N - 1  M - 1  Lemma 2 

2' 'x 1 1 a cos (--- nk + na y)  cos (-+ i- iy- y )  = kJ N 
x=O y=O k=O ,4=0 

O < q < M - l  
O < p < N - 1  
p and 4 not both zero a Pq MN 

Proof:  L e t t i n g  S be equal t o  the  sum and expanding by use of t r i g  



. 

i d e n t i t i e s  and sepa ra t ing  the r e s u l t a n t  s e r i e s  i n  the  same manner as 

used i n  Lemma 1. 
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N - 1  M - 1  2N-  1 2M- 1 

cos 3 4  y cos 2% y -  s =I 1 a k,t 1 cos N x cos? x M 
k=O J=o x-0 y=o 

N - 1  M - 1  2N- 1 2M- 1 
3 

x s i n ?  x 1 cos - 
k=O x=O x=o y=o 

cos 3-(4 s i n n q  y - nk 
N 1 1 akR 1 M M 

N - 1  M - 1  2N- 1 2M- 1 
3 1 aw 1 cos LE N x s i n -  N nk x 1 cos 2 y s i n &  M y + 
k=O 4=0 x=o y=o 

N - 1  M - 1  2N- 1 

s i n k  y s i q  y 1 1 a k l z  s i n  - N s i n &  N 7-l M 
nk 

k=O j = O  x=o y=o 

Then by use  of A from Lemma 1, the  second and t h i r d  series become 

zero  and S reduces t o ,  

N - 1  M - 1  2 N - 1  2M- 1 

s i n &  y s i n n  ye M M 
nk x s i n =  Y 1 1 1 aka 1 s i n N  N 

k=O 1=0 X=O y=o 

But i t  i s  known t h a t  (12) 
2 i -  1 

s i n &  j z s i n L  h z = 0 j ' #  h 
i i j = h #.O (B) 

0 j o r h = O .  
2 =o 



2i -  1 
~ ~ ~ ~ j z c o s - h z = O  n j # h  

1 i 
z=o 

(C 1 i j = h # 0, N, 2 N . . .  .. 
2$ j = h = 0 ,  N ,  2N .... 

By apply ing  B and C to  t h e  s i n e  and cos ine  series r e s p e c t i v e l y ,  S 

reduces t o  

S = 2a MN + 0 = 2a NM, O <  q l M - 1  P9 Pq 
o = p  OR O = q  

Therefore 0 < p N - 1  

S = 2a MN, 
Pq 

Lemma 3 
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2 M N b  O < p < N - l  
P4 O < q ? M - l  - 

Proof : 

i t i e s  and s e p a r a t i n g  t h e  series. 

Once aga in  l e t t i n g  S be  t h e  sum and expanding by t r i g  ident -  



I N - 1  M - 1  2N- 1 2M- 1 

k=O R-0 x-0 y=o 

+ 

N - 1  M - 1  ZN-1 2M- 1 
\ -1. 
c( 

I 
:os N scR M y s i n e  y + 

R =O x=o y=o 

N - 1  M - 1  Z N - 1  ZM- 1 1 1 bkE 1 cos- - y cos =y xk x s i n  *x 
c1 

s i n  + M N N 
k=O j = O  x=o y=o 

N- 1 M - 1  2N- 1 2M- 1 

1 z b M  1 s i n  - y s i n %  y 
M M 

nk 
N M 

cos - x cos 

k=O ,t=O x=o y=o 

By use of A from Lemma 1, the second and t h i r d  series are zero,  and S 

reduces t o  

2M- 1 
c1 

2N- 1 
3 

N - 1  M - 1  
c 3 -  

= = y +  rce 
M 1 cos 3 y cos 

S =z bkj N N 
s i n  .%? x s i n -  x 

k=O j = O  x=o y=o 

N - 1  M - 1  2N- 1 2M- 1 

k=O 4.=0 x=o y=o 

s i n  - rrB y s i n =  y 1 M M 

- 
bd 1 COS -3rk 7 x COS %, x 

N 

Then by use  of B and C from Lema 2 

S = b  N M  + b  N M  = 2 M N b  
P4 Pq P4 

s =  o + o = o  Ei the r  p o r  q zero  



It i s  now p o s s i b i e  KO d e r i v e  express ions  f o r  a and b as . 

Mult ip ly ing  both  sides of Equation 43 by c o s ,  
P4 P4 

func t ions  of B(x,y)., 

( 3. + 2% y)  and summing over x and y y ie lds  
M 

n---  
2 N - 1  2M-1 

x x + F y ) = ) J Q  a k a c o s  ( - x +  nk 
N 

1 1 B(X,Y) cos ( 

x=o y=o x y k - 4  

bka s i n  ( - nk x + -y) na cos z z z z  N M 
- na y) cos ( $x +? y)  + 

M 
x y k R  

3-d 
Y )  0 

( 2 E x  +- 
M M 

Applying Lemma 2 t o  t h e  f i r s t  sum on t h e  right-hand s i d e  of Equation 44 

and Lemma 1 t o  t h e  second sum of Equation 44 reduces t o  

2 N - 1  ZM-1 

29- 1 1 B(x,y) cos (3 + 
M y )  = 2 M N a  (45) 

P4 x=o y=o 

54 

( 4 4 )  

By rea r rang ing  Equation 45, t h e  d e s i r e d  express ion  f o r  a 

as 

i s  obta ined  
Pq 

S i m i l a r l y ,  mu l t ip ly ing  Equation 43 through by s i n  ( N x +p Y) 
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and summing over x and y:, t he  express ion  for  b i s  seen 
Pcl 

t o  be 

Equations 46 and 47 are a n  approximation of t h e  amplitude and phase 

spectrum of v ( t )  according t o  Equation 43. Also Equations 46 and 47 

are i n  a form which may b s  used for machine computat,ion, s i n c e  t h e i r  

evaluat i .on r equ i r5s  no more than  a r i t h m e t i c a l  apex-ations e 

Descr ip t ion  of t he  Compuhx P r o g r a m t o  Find tFc3 Spectrum of v ( t ) .  

I n  o r d e r  t o  use Equations 46 and 47 €or  machine computation, t he  

b r i g h t m s s  func t ion  B(xr,y) must be spec i f i ed  a t  4 MN po in t s  equa1,l.y 

ap3ce.d aver  the. image. I n  the program used on t h i s  proje .c t ,  t h i s  

w a s  done b y  farming B into a ma+rix and s t o r i n g  t h i s  mat r ix  on  tape. 

The va lues  of M and N were taken as 150 each, thus y i e l d i n g  90,000 

d a t a  p o i n t s  over  the  image. 

and Equations 46 ard 4'7 evalua ted  t o  give a and b Since the 

amplitude spectrum i s  of primary i n t e r e s t  t h e  amplitude,  A = 

.'a2' + b 

a l l  t h e  fo l lowing  spectrums.  

These poin ts  are then  read  o f f  t h e  tape, 

P4 P4 

P9 

2 , i s  c a l c u l a t e d  : and  t h i s  i s  the  r e s u l t  p l o t t e d  i n  
P4 Pq 

A copy of t h i s  program, as w e ' l l  as 

an  example of  t h e  ones used to  genera te  the B mat r ix ,  may be found 

i n  Appendix I. 

The f i r s t  image which w a s  s e l e c t e d  fo r  a n a l y s i s  w a s  a wh i t e  
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c i r c l e  and a b l ack  background. 

The f i r s t  w a s  t h a t  i t  r ep resen t s  t y p i c a l  program material f o r  the  

Apollo t e l e v i s i o n  system : i . e . ,  such an image would be seen  by a s t r o -  

nauts  as they approach the  moon i n  t h e i r  Apollo space capsule .  Sec- 

ondly,  an  exac t  a n a l y t i c a l  r e s u l t  f o r  t h i s  image w a s  given by Mertz 

and Gray i n  1934 ( l l ) : a n d , t h e r e f o r e ,  i t  is  a good one on which t o  

t r y  the  program. Figure 13 i s  a p l o t  o f  the video spectrum f o r  such 

an  image, and Table I11 i s  a comparison of the computer r e s u l t s  w i t h  

t h e  prev ious ly  mentioned a n a l y t i c a l  expression.  

This image was chosen f o r  two reasons.  

Another example f o r  which a n a l y t i c a l  r e s u l t s  are a v a i l a b l e  i s  

the  d iagonal  bar  presented i n  Chapter 111. Therefore ,  as a second 

check on the  computer a lgori thm, t h i s  spectrum was inves t iga t ed .  

The spectrum of the  whi te  b a r  p laced  a t  an  angle  of 45 wi th  the  

x a x i s  w a s  analysed us ing  the  computer rout ine .  The r e s u l t s  are 

presented  i n  Figures  14, 15, & 16 .  Figure 14 i s  the  spectrum of 

the l i n e  frequency harmonics and represents the  o v e r - a l l  course 

spectrum. Observe t h a t  t he  envelope is  very nea r ly  the  s i n  x/x 

d i s t r i b u t i o n  of a s i n g l e  pulse  produced by the  scanning process as 

w a s  p red ic t ed  i n  Chapter 111. Figures  15 and 16 are blown-up ver- 

s ions  of Figure  14, showing the  f i n e  d e t a i l  o f  t he  spectrum--- 

both t h e  low and the high frequency regions.  The a c t u a l  numbers 

are r e p r e s e n t a t i v e  of t h e  Apollo (mode 1) system. Observe t h a t  t h e  

spectrum i s  more d i f fused  from the  l i n e  frequency harmonics i n  the 

upper frequency reg ions ,  as was predic ted  f o r  a non-ver t ica l  l i n e  

i n  Chapter 111. 

0 
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TABLE I11 

P Q *ACTUAL FREQUENCY CALCULATED ?/ MERTZ AND GRAY'S DIFFFRENCE 
- I N  Hz AMP LTTUDE AMPLl TUDE 

1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
5 
6 
7 
8 
9 

10 
11 
1 2, 
13 
14 

0 
1 
2 
3 
4 
0 
1 
2 
3 
4 
0 
1 
2 
3 
4 
0 
1 
2 
3 
4 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

3200 
32 10 
3220 
3230 
3240 
6400 
6410 
6420 
6430 
6440 
9600 
96 10 
9620 
96 30 
9640 
12800 
12810 
12820 
12830 
12840 
16000 
19600 
22800 
26 000 
29200 
3 2400 
3 56 00 
38800 
42000 
45200 

152 
131 

.079 

.023 
014 

a 094 
.079 
.U42 

.u20 

.032 
e 0 2 3  
e 0023 
, 0 1 7  
023 

, 0 1 1  
.014 
0 021 
.023 
.0169 
.023 
.0121 
0041 
01 18 

a 0065 
0025 

,0072 
0046 

,0014 
0048 

0023 

# 153 
130 

,079 
023 
014 
095 
079 
040 
0024 

0 021 
032, 

a 023 
,0024 
,017 
023 

* 01% 
014 

D 021 
023 

.0168 
023 

.0126 
,0047 
0113 

,0061 
.0027 
007 1 
0042 

0 0019 
e 0049 

e 001 
.001 
0 000 . 000 
0 000 
. O O l  
. 000 
0 002 
a 0001 
,001 . 00 
. 00 
,001 . 000 
,000 
. O O l  
000 . 000 

0 000 
,0001 
. 000 
,0005 
.0006 
0005 
0004 

a 0002 
D 0001 
0004 
.0005 . 0001 

;k Frequency Calcula t ion  based on Apollo mode 1 scanning 
parameters.  

#A = ?ab 1 -7 2 1 Ja 1 2nR J 
112 - - 1 - R - 

PQ i.. p 

Where a = l ength  of p i c t u r e  
b = height  of p i c t u r e  
R = r ad ius  of c i r c l e  

o rde r  besse l  func t ion  
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Extension of Computer Model t o  the  Composite Video Spectrum 

Up t o  t h i s  po in t  i n  t h i s  chap te r ,  the spectrum under cons ide ra t ion  

has been the spectrum of the  video s i g n a l  on ly  : i . e * ,  wi thout  b lanking  

and synchroniza t ion .  Since i n  Chapter I11 t h e  synchroniza t ion  w a s  shown 

I t o  be a n  a d d i t i v e  term r e s u l t i n g  from a one dimensional series, neglect-  
l 

i ng  this term r e p r e s e n t s  a s t r a i g h t  forward co r rec t ion .  

However, r ieglectfng t h e  blankidg s igna l s  is a much more diff icult  

item to correct, s i n c e  t h e  blanking €unctions are mul t ip ly ing  v ( t ) .  

Thus, if t h e  model i s  t o  be of any real use, t h e  blanking s i g n a l s  

must be  accounted for. With the  computer a lgor i thm a l r eady  developed, 

t h e  s implest 'method of adding the  bIanking is to put  i t  i n t o  B(x,y).  

This may be accomplished by p lac ing  a s t r i p  of zero b r igh tness  a long  

t h e  top of t h e  image t o  r ep resen t  v e r t i c a l  b lanking  and by p l ac ing  a 

s t r i p  of ze ro  b r igh tness  a long  t h e  r i g h t  hand edge to  r e p r e s e n t  ho r i z -  

o n t a l  blanking.  This argument is i l l u s t r a t e d  i n  F igure  17 and t h e  

r e s u l t i n g  v ' ( t )  is sketched. 

With this  simple ex tens ion ,  t h e  computer a lgor i thm presented  i n  

the  l as t  s e c t i o n  y i e l d s  t h e  composite video spectrum g e n e r a t e d b y  

t r a n s m i t t i n g  any monochrome image. r n  the examples c l o s e  obse rva t ion  

w i l l  r e v e a l  t h a t  t he  n u l l s  i n  the  ca l cu la t ed  spectrums are s l i g h t l y  

s h i f t e d  from those measured by NASA. The reason f o r  t h i s  is t h e  

d i f f e r e n t  r a t i o s  of the  T / t j .  NASA's r a t i o  w a s  .0965 whi le  the  

b e s t  approximation t o  t h i s  which can be made us ing  the  prev ious ly  

mentioned 300 by 300 g r i d  i s  . l oo .  

62 
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Composite Video Spectrums of Some Standard Test P a t t e r n s  

With t h e  model extended t o  the compos i t e  v ideo  spectrum, i s  

is  now f e a s i b l e  t o  determine spectrums of standard t e l e v i s i o n  test 

p a t t e r n s .  The ones s e l e c t e d  f o r  t h i s  s tudy  are r e p r e s e n t a t i v e  of  

those  used by NASA engineers  f o r  t e s t i n g  the Apollo system. 

Knowing the  t h e o r e t i c a l  spectrum of s tandard  test p a t t e r n s  

i s  important t o  t e l e v i s i o n  engineers  f o r  two reasons - -  one being 

t o  i n s u r e  the  test  p a t t e r n  is a c t u a l l y  t e s t i n g  t h e  parameter of  t he  

system which i t  is  designed t o  test ,  and secondly, t o  compare wi th  

experimental  tes t  d a t a  t o  eva lua te  system performance. Two p a t t e r n s  

have been s e l e c t e d  f o r  t h i s  work t o  demonstrate t h e  use  of  the model, 

They are the  g r a t e  and gray scale p a t t e r n s .  These are shown i n  F igure  

18. The c o n t r a s t  r a t i o  i n  a l l  cases is 100, and the  p l o t s  of t h e  

spectrum are made us ing  mode 1 ApoISo scan  parameters. The composite 

video spectrum produced by the  g r a t e  pa t t e rn  has  been p l o t t e d  i n  Fig- 

u r e  19. F igure  20 i s  a reproduct ion of the spectrum as measured by NASA 

test engineers .  

w i t h  the  major d i f f e r e n c e  being i n  t h e  large peak a t  50 KHz which the  

computer a lgo r i thm p red ic t ed  b u t  NASA d i d  not measure. However, t h e  

peaks a t  100 KHz, 150 KHz, 200 KHz, and up do agree .  

NASA d i d  measure a peak a t  100 KHz and  a t  i n t e r v a l s  of 50 KHz there-  

a f t e r  i n d i c a t e s  t h a t  these  peaks are be ing  generated by a 50 KHz fund- 

amental  and i t s  harmonics. Thus, i t  would seem t h a t  t he  a lgor i thm is  

c o r r e c t  and t h e  l a c k  of t h i s  l a r g e  50 KHe peak may r ep resen t  a n  over- 

s i g h t  i n  t h e  measured spectrum. 

! 

The agreement i s  seen  t o  be q u i t e  good i n  genera l ,  

The f a c t  t h a t  
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GRAY SCALE P A T T E R N  

GRATE PATTERN 

NASA TEST PATTERN 
Figure 18 
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An i n t e r e s t i n g  phenomenon was observed i n  c a l c u l a t i n g  t h i s  

spectrum. The c o n t r a s t  r a t i o  f i r s t  used was i n f i n i t e ,  then  changed 

t o  1000, and f i n a l l y  changed t o  100. A s  t h i s  r a t i o  was decreased,  

t h e  peaks of t h e  spectrum were lower and the l e v e l  of t h e  v a l l e y s  

r a i s e d .  This phenomenon apparent ly  has not been observed by o t h e r  

workers i n  t h i s  area and needs experimental  v e r i f i c a t i o n  t o  prove 

o r  d i sprove  t h a t  the  c o n t r a s t  r a t i o  has a n  e f f e c t  on the  composite 

video spectrum. 

The second tes t  p a t t e r n  i nves t iga t ed  w a s  t he  gray s c a l e  o r  

step p a t t e r n .  The computer r e s u l t s  are presented i n  F igure  21, and 

t h e  spectrum as measured by NASA i s  shown i n  F igure  22. 

shape of t h e s e  spectrums i s  the  same, bu t  t h e  l e v e l  of t he  peaks 

measured by NASA was much higher  (approximately 5 t o  12  db.)  than  

those  p red ic t ed  by t h e  computer r e s u l t s .  T h i s  d iscrepancy i s  due 

to t h e  d i f f i c u l t y  i n  matching the  l e v e l s  of t h e  var ious  areas. A s  

a n  example ,  F igure  23 i s  the  same gray sca l e  spectrum w i t h  a logmatic 

v a r i a t i o n  of b r igh tness  l e v e l s  i n s t e a d  of  the l i n e a r  v a r i a t i o n  used i n  

ob ta in ing  Figure  21, It can be seen  by comparing the  two t h a t  t he  

logmatic v a r i a t i o n  of  br ightness  l e v e l s  produces a spectrum wi th  

The gene ra l  

lower peaks and h igher  v a l l e y s  than  tfie l i n e a r .  Thus, f o r  t h e  a c t u a l  

v a r i a t i o n s  used by NASA, t he  spectrum-which they show may be e n t i r e l y  

c o r r e c t ,  bu t  u n t i l  those v a r i a t i o n s  i n  br ightness  l e v e l s  can be matched 

e x a c t l y ,  i t  i s  d i f f i c u l t  to make any pos i t i ve  s ta tement  about t h e  

q u a l i t y  of t h e s e  comparisons. 
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CKAPTER V 

CONCLUSION 

A mathematical  model f o r  a de t e rmin i s t i c  composite v ideo  s i g n a l  

The most d i f f -  has  been presented  and the  r e s u l t i n g  spectrum examined. 

i c u l t  problem involved i n  us ing  the  model was o b t a i n i n g  t h e  

of  t h e  scanned video s i g n a l .  

methods of numerical  

Mertz and Gray and extending t h i s  theory t o  inc lude  blanking.  The 

I spectrum 

This problem was so lved  by apply ing  the  

a n a l y s i s  t o  the  theory of scanning developed by 

I r e s u l t i n g  computer program w i l l  o b t a i n  t h e  composite v ideo  spectrum 

r e s u l t i n g  from scanning any gene ra l  image. 

Obtaining t h e  spectrum of the  composite video s i g n a l  was only  

h a l f  of t h e  problem, however. The r e l a t e d  problem of spec i fy ing  t h e  

necessary  bandwidth f o r  a t e l e v i s i o n  s y s t e m  was d iscussed .  The con- 

c l u s i o n s  concerning bandwidth which may be drawn are twofold.  F i r s t ,  

i f  t he  program material which t h e  t e l e v i s i o n  system must t r ansmi t  i s  

known, then t h e  methods of  t h i s  work may be app l i ed  t o  t h i s  material 

and t h e  r e s u l t i n g  spectrums w i l l  determine the necessary system band- 

width.  The bandwidth determined i n  t h i s  manner w i l l  be  a much b e t t e r  

approximation than any of  t he  methods presented i n  Chapter 11. For 

example, i f  t h e  only image t o  b e  t ransmi t ted  i s  the  h a l f  b l ack  and 

h a l f  whi te  test  p a t t e r n  examined i n  Chapter 111, then  t h e  necessary 

system bandwidth would be on the  o rde r  100 Kz. (Assuming Apollo mode 

1 scan  parameters ) .  This i s  approximately one-fourth of t h e  bandwidth 

p red ic t ed  by any of t h e  methods i n  Chapter 11. However, i f  t he  only  

s p e c i f i c a t i o n  concerning the  bandwidth a v a i l a b l e  i s  the  maximum 

, 

.. , 
7 2  
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hortizontal resolution, then the standard methods presented in Chapter 

I1 yield good estimations of the maximum bandwidth. 

it is feasible to use the methods of this work on probable images and let 

the results serve as a check on the standard methods. 

Even in this case, 

An extension of this work to random video processes would relieve 

the burden of knowing the exact images to be transmitted. L. E. Franks 

of Bell Telephone Laboratories has recently published a paper in this area, 

' but more work is needed to obtain reliable estimates of necessary band- 

width under actual operation conditions. 

Another area of current interest to which this work may be 

applied is obtaining an estimate of the bandwidth resulting from fre- 

quency modulating a carrier with a composite video signal. This is of 

special interest in connection with the Apollo system since the tele- 

vision signal will be transmitted from the moon using an F.M. multi- 

plex system. 
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APPENDIX I 

COMPUTER PROGRAMS 

PROGRAM PURPOSE 

VIDEO 3 Program which performs t h e  a c t u a l  c a l c u l a t i o n  of  
p o i n t s  i n  t h e  amplitude spectrum 

BMTRX 6A Typical  program used f o r  c a l c u l a t i n g  t h e  d a t a  
po in t s  i n  B(x,y) and s t o r i n g  them on t ape  
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CHAPTER I 
GAUSSIAN MODULATION 

This section is concerned with the threshold of an ideal detector 

for Gaussian modulation. In order to determine if a phase-lock loop 

with an equivalent noise bandwidth equal to or greater than the pre- 

detection bandwidth behaves as Rice's "ideal" discriminator in the 

presence of noise, Rice's equations were numerically evaluated. 

ilies of threshold curves were plotted, figure 1. 

a discussion of the modification of Rice's equations such that equa- 

tions pertain to a narrow band system, such as the Apollo Unified S 

Band FM system. Although some studies indicate the PLL, under the 

above bandwidth restraints, would behave as an ideal discriminator, 

the threshold curves obtained for Gaussian modulation and an ideal 

discriminator did not indicate this. 

Fam- 

The following is 

The noise power spectral density at the output of the ideal dis- 

criminator consists of a term due to impulses and one due to Gaussian 

noise and is given by 
n 

2 
Wn(f) = 8Ti (N++N ) + -7 

N+ = expected number of positive click events per second 

N = expected number of negative click events per second 

Q = carrier amplitude 

uy(f) = power spectrum of the quadrature component of noise 

sin $(t) is the quadrature noise 

- 

relative to the modulated carrier 

y = Is(t) cos $(t) - I 
C 

voltage. 

The power spectrum of I and IC is 2wI(F + F ) where w (F) is the 
S C I 

-1- 



I ' 
noise power spectrum out of the IF filter. This spectrum is taken as 

The spectra of IC, I 

Gaussian noise amplitude I I are Rice's noise components repre- 

senting the bandpass white noise I. @(t) is the modulation. When 

are basband white Gaussian processes. The 
S 

c y  s 

the modulation is Gaussian the power spectrum of y, wy(f), is 

m 

RIS (T)  = 2 P w(fc+ f )  cos 2xf~df 
0 

RIS (T) is the autocorrelation of the noise component I 

are taken to be independent processes with zero mean and variance 

and Is 
C 

equal to the variance of the original noise process. 

The autocorrelation function for the individual noise components is 

m 2 2  
RIS (T)  = 2bo ! e -f 12' cos 2 ~ f ~ d f  

" m  
2 2  2 

bo = R (0) -2T T UIF 
IS = bo e 

The function F(T) is always positive and its relative magnitude 

determines the power spectrum of y. If F (T)  = 0, the power spectrum 

of y would be just that of I namely 
CY 

m 

(T)  cos 2~f~d-c : RIS 
It is not zero however, since its integrand is always positive. 

The actual spectrum of y depends on the two factors R ('I) and F(T) .  

-F (') goes t o  zero faster than R ( T ) ,  the power spectrum of y If e 

increases over that of I . 

IS 

IS 
If the opposite is the case, then w (f) + wI$f). 

C Y 
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In order to determine the shape of w .(f) these two factors will be 

investigated. 
Y 

For an equivalent rectangular bandwidth of 4MHz we have 

and 

so that for 
-100 (0) 

RIS T2 = R (TI  a e 
IS 

The range of T considered is then O<’I<10-6. 

Consider the integrand of F(T) 
3 

-f2/20 2 
. . A S T + ~ ,  

For T< - the integrand is dominated by the cutoff e 

(27Tf) 
the integral diverges, but the factor R 

for w (f) . 
Y 

(‘I) cuts off the integral IS 
The integrand of F(T) is bounded for T < For F near 0, - 

- ‘Os 2TfT) may be expanded in a series to determine the maximum 
(2TfI2 

value of the integral i.e., 

(2Tf)L k=l 2k! 

The first term is ~*/2. The integrand thus has a maximum value of 

-3- 



Then for f as large as 10l2, the integral is bounded by 

-F(T) is taken as 1. F(T)  < M = = 10 and e The power -6 

spectral density is 
00 

wy(f) = 4 / RIS(') cos 21~f~df 
0 

! and 

The noise power due to the Gaussian noise component at the output 

is the integral of of an ideal low pass filter of bandwidth f = - lo6 
a 2  

the power spectral density of equation (2)  from o to f . a 

For Gaussian modulation, the number of positive click events per 

second is 
0 3 2  112 -t N+ = - / e  ( 1 + 2 a t )  dt 

fi6 

and 

IF r =a 

Due to the assumption of symmetry in the modulation process, N+ = N . 
The power density   IT (N+ + N ) assumes that N+ and N are independent 

Poisson random variables. 

band for the case that l/S < fa, where6is the event duration. 

- 
2 

- - 
This is a flat spectrum across the low pass 

The total output power is the integral of wn(f) of equation (1) 

over the low pass band 0 - -  < f < fa. 

The impulse noise power is evaluated as 

2 00 

-t2 (1 + 2 a t )dt fa 2 161~ fa J e 2 r  

J;; 6 
= / 8~ (N++N - )df = N1 0 

-4- 
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This  becomes 

I which reduces t o  an asymptotoic form normally seen when e r f  and t h e  

I exponent are expanded i n  power series. 

The output  s i g n a l  power i s  taken as 
2 2 

IT (BWIF> 
so = BWIF = fi 'IF 

2 

The s i g n a l  t o  n o i s e  i s  then  

M 

-t 4n201P ! e (1 + 2 a t2) ' l2 d t  + 1 6 7 ~ ~ ' ~ ~  f a  
fi 6 p f i  

For l a r g e  p, t h e  f i r s t  t e r m  i n  t h e  denominator becomes shall and t h e  

r a t i o  t ends  t o  t h e  s tandard  form 

Figure  (1) i s  a p l o t  of equat ion (3 )  as 0 is  va r i ed .  I F  

-5- 
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Equiv. Modulation BW = 5 X I o 6  
( B M O D )  

Equiv. I . F .  BW= B,, 

0 5.7 7 11.55 17.3 3 23.1 1 28 .88  

SIGNAL TO NOJSE i N  ( D B )  

AS A FUNCTION (S/N)o vs (S/N), ( B M ~ D /  3 )  IF 

FOR A GAUSSIAN MODULATION SPECTRUM 
Figure 1 

- 6 -  


